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Forme  of  Equilibrium  of  Coasts  with  a Littoral  Drift' 


By 

Per  Bruun* 


ABSTRACT 


It  is  shown  that  th^  form  of  some  coastal  features  where  a littor- 
al drift  exists  can  be  explained  by  the  solution  of  a very  simple 
differential  equation  for  the  relationship  between  the  intensity 
of  littoral  drift  and  the  deep  water  of  the  waves.  Other  beaoh 
forms  under  lees  idealized  conditions  mar  be  explained  from  a 
similar  relation*  Different  types  of  marine -fore lands  oan  be 
explained  as  a result  of  refraction  and  diffraction  in  connec- 
tion with  a lowering  of  the  steepness  ratio  of  the  waves. 


1.  DEFIBITIOK  OF  AN  EQUILIBRIUM  COASTLINE 

A ooastline  has  an  equilibrium  form  when  it  maintains  its  geometrical  form. 

2.  BQUIIJBRIDM  FORMS  OF  OOASTUHBS  OF  INFINITE  IffKQTH 

2.1  Tjff-Coast  ls  Inp.uaaoed  by  Waves  Jftrpendicular  to  the  Ooastline.  Fig.  1 
shows  a straight  sand  or  shingle-coast  of  infinite  length.  The  direction 
of  wave  propagation  is  as  indicated.  Under  the  conditions  given,  no 
littoral  drift  oan  oeour  along  the  coast  which  is  in  stable  equilibrium. 

2.2  The  Coast  is  Influenced  by  Waves  Oblique  to  the  Coastline.  Fig.  2 shows 
a straight  sand  or  shingle  coast  of  infinite  length.  Tie  direction  of 
wave  propagation  is  as  indicated.  The  littoral  drift  at  "b"  must  be 
equal  to  the  littoral  drift  at  *a"  and  the  ooast,  therefore,  is  in 
stable  equilibrium, 

3.  BQPIMBRItM  FORMS  OF  COASTLINES  WITH  A FINTTS  IZKQTH 

3.1  A Straight  Coast  of  limited  Length.  If  in  Fig,  2 the  length  of  the 
ooast  is  limited  rfSrora  "d*  ■fco  it  will  be  eroded.  The  erosion  will 
be  greatest  at  ttdn  and  will  deorease  towards  Ro".  As  a consequence  of 
this  condition  the  ooastline  will  be  reoriented  to  "face"  against  the 

wacves. 

3.2  An  Island  or  a Headland 

3.21  Theoretical  considerations.  Fig.  3 shows  an  island.  If  the 

dire ot ion  of  wave  propagation  is  not  perpendicular  to  the  coast- 
line "a-b"  or  if  the  oorners  at  RaB  and  *b"  are  not  absolutely 
sharp,  erosion  will  begin. 


* Fulbright  Fellow,  TJhiv.  of  Calif,,  Berkeley,  and,  Research  Engineer,  Teoh. 
tfoiv.  of  Denmark,  Copenhagen. 

The  principles  presented  in  this  rsport  first  *ppecre,d  in  the  publication 
* Li  gevaegta  former  for  Plate  ri  alvandr  ing  sky  star " by  Per  Bruun,  Qeografiek 
Tldsskrift,  Vol.  1*8,  191*6— U7.  Beoause  a summary  of  this  publication  is  not 
readily  available  to  American  engineers,  this  report  has  been  prepared  by 
Mr.  Bruun. 
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According  to  the  theory  of  Muneh-Petereen  the  relationship  be- 
tween the  littoral  drift  and  the  deep  water  angle  can  be  illus- 
trated by  a sine  curve  (2,  8)*  This  theory  is  supposed  to  be  re- 
liable. The  terms  "zero  point  of  littoral  drift"  and  "mass  curve 
of  littoral  drift"  are  introduced.  A "zero  point"  (ealled  "nodal 
point"  in  the  tJhited  States)  is  the  point  of  a coastline,  where  the 
resulting  littora"  drift,  considering  plus  or  minus  signs  which 
correspond  ir  tne  direction  of  the  drift,  is  equal  to  zero.  In 
Pig.  5 point  0 is  a nodal  point.  The  "mass- curve  of  littoral 
drift*.  Pig.  U,  is  the  curve  whioh  will  result  when  in  a right- 
angled  coordinate -system  the  length  of  the  coast  from  the  nodal 
point  is  taken  as  absolsse,  and  as  ordinate  the  quantity  of  material 
(sand,  gravel,  etc.)  which  in  a given  period  is  eroded  between  the 
nodal  point  and  the  point  in  question.  The  nodal  point  has  the  co- 
ordinates 0,  0,  From  the  coast  with  length  s,  B oubio  meters  of 
material  are  eroded.  is  equal  to  the  erosion  per  meter  of  the 

ooastline.  When  the  maSs-otnrve  is  a straight  line,  ||  is  constant, 

i.e.  the  eroded  quantity  par  meter  of  the  ooast  is  the  same  at  all 
points,  whioh  again  means  that  the  coastline  maintains  its  form. 

Pig.  $ shows  a coastline  with  - constant.  This  coast  is  composed 

of  the  same  sort  of  material  (sand  and  gravel)  everywhere  and  is 
attacked  by  waves  perpendicular  to  the  ooastline  at  tha  nodal  point 
o.  The  eroded  materiel  can  pass  freely  at  any  point.  Prom  the 
above  it  is  noted  that  for  the  point  x,y,  which  is  the  distance  e 
from  0 on  the  ooastline  (Pig.  5)« 

k * s a A sin^e 

where  k is  a constant.  A can  be  identified  as  the  wave-effect, 
und^o  is  the  deep  water  angle  of  the  waves.  Solution  of  the 
differential  equation  gives  the  curves 

/ 2°<o  « *<ON 

v — - jj  2 ) 

<:£!£*> 

These  are  equations  of  a cycloid,  with  the  diameter  of  the  cor- 
responding circle  being  — . Naturally  all  equilibrium  forms  are 
uniform.  2k 

In  Pig.  6,  A incline  s to  the  coastline.  The  form  developing 
is  that  given  by  the  above  equations  between  the  angles  (90-  «<Q)° 
and  90°. 

3.22  Typical  Examples.  Several  typical  examples  have  been  shown  as 
follows  (for  their  location  in  Demark,  see  Pig.  7)* 

Example  1,  Hundested,  Sjaelland  (Pig.  8)  The  actual  nodal  point  can 
be  stated  by  means  of  the  groins  constructed  at  Klkhavn. 

Example  2t  the  peninsula  Skoven,  pyn,  (Pig.  9) 

ISSaple  Barsoe  (oe  r»  island)  (Pig,  10) 


* Numbers  refer  to  references. 
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Example  hi  Bjornoe  (Fig,  11) 

Example  5?  Endelave  (Fig.  12) 
fexample  6;  Fejoe  (Fig,  13) 

Example  Jt  Skagen  Spit,  the  northernmost  part  of  Jylland  (Jutland) 
(nLg.  lit).  Figure  15  shows  an  aerial  photograph  of  Skagen  Spit 
from  10,000  ft.  The  area  of  the  photo  is  shown  with  dotted  lines  in 
Fig,  llu  Note  the  sand-cloud  of  material  being  transported  in  sus- 
pension. 


3,23  Development  of  an  equilibrium  coast line  in  the  laboratory.  Fig,  16 
shows  an  equilibrium  form  developed  in  a laboratory  basin  in  Copen- 
hagen. Naturally  it  is  impossible  to  imitate  actual  conditions  and 
the  result  can  only  be  taken  for  granted  for  this  special  case.  The 
basin  was  35  ft,  long,  i5  ft,  wide,  with  a water  depth  of  5 inches. 
The  wave  characteristics  were  Lo  m ii  ft. -I;  in.,  Ho  m 2in.,  i.e, 

££.  - O.Oiu  The  median  diameter  of  the  sand,  was  0,22  ram.  , and  the 
Lo 

uniformity  coefficient  (D6o£/D10$,  in  Denmark)  was  about  2.  The 
scale  was  1*20  corresponding  to  the  shingle  beaches  along  the  Danish 
seas. 


Several  equilibrium  forms  were  developed.  Some  of  them  showed 
a tendency  to  form  a bump  at  <*,  0 <^1*0-50°.  The  same  condition  has 
been  observed  in  recurved  spits  (see  also  Sections  3«32  and  3,33), 

3.3  A Bay 

3.31  Theoretloal  considerations.  The  condition  shown  in  Fig.  l?a  and  b 
assumed  that  the  island-form  can  be  reversed  to  give  a similar  bay- 
form  by  changing  land  and  sea. 

3.32  Typical  examples.  It  is  very  difficult  to  find  areas  in  nature  where 
a bay- shore line  ’ like  this  a an  be  investigated.  The  initial  condition 
must  be  an  indentation  with  vertical  sides  and  infinite  length  In  one 
direction.  Fig,  16  shows  the  bay  of  Vemmlngbund  In  Denmark  (Example 
8 in  Fig,  7)«  From  the  figure  it  will  be  seen  that  the  ooastline 
deviates  from  the  theoretical  form  between  U0°  and  70°  - the  actual 
form  having  sharper  oorners.  Fig.  19  shows  Abbotts  lagoon  on  the 
Pacific  Coast  of  the  United  States,  Here  we  have  the  same  deviation 
from  the  theoretical  form  as  in  Fig,  18. 

3.33  Seme  sgeolal  Investigations.  In  order  to  Investigate  the  problem  more 
distinctly,  studies  were  conducted  in  two  small  oblong  sand-bays  in 

the  Nissum  Inlet  on  the  West  Coast  of  Jyiiani  (see  Fig,  7,  "Nlssum  F,*). 
The  bays  had  a reasonable  size  in  proportion  to  the  wave  length  - 
width  10-30  times  the  storm-wave  length.  The  form  of  the  shoreline 
was  measured  every  month  daring  a period  of  about  2 years.  Fig,  20 
shows  a characteristic  measurement  where  the  black  points  indicate  the 
shoreline,  A groin  was  built  in  the  nodal  point  to  isolate  the  test- 
area,  Included  in  the  figure  is  a theoretical  equilibrium  form,  and 
one  can  see  that  the  theoretical  form  again  has  a shorter  radius  of 
curvature  than  the  actual  between  1*0°  and  70°  angle  of  incidence. 

The  curvature  is  smallest  between  U0°  and  5 0 0 which  indicates  that  the 
littoral  drift  probably  has  its  maximum  rate  between  i*0°  and  50°. 

Other  investigations  by  which  the  shoreline  was  maintained  in  the 
theoretical  position  by  means  of  gravel  shoved  that  deposits  started 
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at  about  20-25°  angle  of  inoidenoe,  i.e.,  the  littoral  drift  at 
90°  and  at  20-25°  was  almost  the  same*  By  measuring  the  length  of 
the  shoreline  from  the  nodal  point  at  the  groin  (Point  VII  in  Fig, 

20)  and  the  deep  water  angle,  <n0,  it  is  now  possible  to  establish 
the  relationship  between  the  quantity  of  littoral  drift  ani*c  as 
shown  in  Fig.  2i. 

According  to  the  size  of  the  bay  considered  in  relation  to  the 
wares  thsr-d  oan  be  only  a slight  difference  between  the  conditions 
along  a straight  ooastline  and  at  the  bay-coast.  The  curve  will 
follow  the  equation  y a 0,57  (sin  <^0  4 sin  2 <^0),  Naturally  this 
relationship  oan  only  be  of  an  approximate  oharaoter.  The  quantity 
of  littoral  drift  depends  on  many  different  faotors  involving  the 
steepness  ratio  of  the  waves,  the  beaoh  profile,  the  beaoh  material, 
etc.  Laboratory  experiments  have  shown  that  a variation  in  the 
steepness  ratio  did  not  change  the  value  of  oC0  for  which  the 
littoral  drift  was  a maximum  (7), 

As  stated  in  Seotion  3*23  at  many  recurved  spits  there  is  a ten- 
dency for  bumps  in  the  eoast  to  form  at  i|0-50°.  In  most  oases  the 
shorelines  will  follow  the  theoretioal  form,  and  one  must  assume 
that  this  la  due  to  a oonoantration  of  streamlines,  of.  Fig.  22, 
which  makes  the  sine-relationship  valid, 

3,3b  Comparison  between  different  oonrouted  equilibrium  forms*  Below  are 
given  three  different  equations  for  the  relationship  between  the 
quantity  of  littoral  drift  and  X0.  The  corresponding  equilibrium 
forms  are  shown  in  Fig.  23, 

1,  s « sin  2 0<o,  maximum  at  li5° 

Equilibrium  form*  x a 2 (sin<^0  - 2 Bin?  k. 

3 

y - 2 (oos  oC  0 - 2 00fl3<*  o - 1) 

3 I 

2.  a . Q 4 sin  2*<  0t  maxima  *t  5b° 

2 

Equilibrium  form*  x a ♦ sin*<.0  ? ^ ? 

sin  2*0  4 oos<*  . 2 oo9^  Q „ l 

5 ® 3 3 

3*  s 9 2.  *2*0  4 a^~n  maximum  at  68° 

U 

Equilibrium  form*  x - | (^0  4 ^ sin  2<?<0  - ji  sin3o<0  ♦ 2 sin K 0) 

y a | (^  oos  2^0  ♦ 2 oos^0  - ii  oos^0  4 
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The  equilibrium  forme  are  shown  in  Fig.  23  together  with  the  form 
8 m Si n*<p  (indicated  as  Curve  0).  It  will  be  noted  that  a current 
parallel  to  the  y-axia  in  a positive  direotion  will  draw  the  curves 
1,  2 and  3 towards  the  Curve  0,  but  this  possibly  can  make  the  re- 
sulting equilibrium  form  more  rounded  than  the  equilibrium  form  0. 
Naturally  this  can  only  explain  the  development  very  roughly. 

Fig.  21*  shows  the  ourvesi  y s sin<^0  (full  line)}  y s sin  2 e< 
(dotted  line);  and  y a 0.5?  (sin**-  4 sin  2o<0)  (dot  and  dash  line)} 
and  some  balok  points  originating  from  the  Los  Angeles  District 
Engineer  Of flee  formula  for  littoral  drift  (6,  pp.  11*5-11*9),  i.e.i 

(5a|kiwe  sin  2^b 

<Q-  littoral  drift  factor)  the  total  amount  of  sand  moved  as 
littoral  drift  past  a given  point  per  year  by  waves  of  given  periods 
and  direotion. 

w a total  work  accomplished  by  all  waves  of  a given  period  and 
direotion  in  deep  water  during  an  average  year. 

e a wave  energy  ooeffioient  at  the  breaker  line  for  waves  of  a 
given  period  and  direotion.  It  la  the  ratio  between  the  distanoe 
between  orthogonals  in  deep  water  and  at  the  shore  line. 

otb  s angle  between  wave  orests  at  the  breaker  line  and  the  shore 
lln»)  or  the  angle  between  orthogonals  and  the  normal  to  the  shore 
line. 

kj  s factor  depending  on  dimensional  unity  and  enpirioal  rela- 
tions. It  varies  with  beaoh  slope,  grain  size,  and  other  underter- 
mlnad  variables  and  has  not  bean  evaluated. 

One  hast  e - °°8°^e 

eos#<fe 

or 

e sin  2®<b  s 2 oos«<  0 sin«*  b 

In  Fig.  25  is  shown  plots  for  the  relationship  between  ein«Kb 
and  sin«<0  for  - O.Ol*,  0.03,  and  0,01,  see  (1*),  pp.  398-1*00, 

Each  of  the  ourvee  can  be  approximated  with  a straight  line  between 
0°  and  about  50P • For  instance,  one  has  for  ^2  B O.Ol*,  sin  ^ 3 

| sin«?<  0}  that  1st  2 cos <A0  sin^Nb  s | sin  2<<0,  wbioh  gives  a 
maximum  at  U5°*  Calculations  with  a steepness  ratio,  ^ - O.Ol*,  give 
the  blade  points  in  Fig.  2 1*,  but  the  other  ratios  will  give  almost 
the  seas  relationship.  Thus  it  appears  as  though  the  maximum  value 
of  the  littoral  drift  will  occur  between  1*0°  and  50°.  Seville  (3, 

9)  got  the  same  result  in  his  experiments.  The  Bulletin  of  the 
Beaoh  Sroeion  Board  (3)  states  that  "The  experiments  indicate,  for 
the  range  of  angle*  tested,  that  the  transport  rate  is  dependent 
upon  the  littoral  eurrent.  Further,  the  maximum  rata  of  sand  trans- 
port occurred  where  the  value  of  the  littoral  ourrent  reached  a 
maximum  value,  namely  at  a 1*3°  water  angle.” 
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U.  THE  DEVELOPMENT  OF  SOME  SPITS 


J.  A.  Steers  writes  (Ref.  11,  p.  60)  as  follows* 

"Associated  with  the  whole  question  of  wave  aotion  and  beach-drifting  is 
another  interesting  matter  first  pointed  out  dearly  by  Lewis.  If  an  inspec- 
tion be  made  of  the  main  spits  of  shingle  around  our  coasts  on  large-scale 
maps  it  is  clear  that  many  of  them  have  a tendency  to  run  somewhat  outwards 
and  away  from  the  main  trend  of  the  coast.  This  is  especially  plain  in 
Cardigan  Bay*  both  Morfa  Dyfflyn  and  Morfa  Harleoh,  the  two  main  coastal  fore- 
lands, are  good  illustrations*  On  the  east  coast,  Blakeney  Point  and  Scott 
Head  Island  also  exemplify  the  same  feature.  Again,  on  the  south  ooast,  Dunge- 
ness  and  the  smaller  Hurst  Castle  spit  trend  outwards  from  the  ooast,  and  it 
would  be  easy  to  oite  a number  of  other  instanoes.  Many  beaches  between  head- 
lands are  arranged,  too,  so  as  to  show  a dear  tendency  to  run  at  right  angles 
to  the  main  direction  of  wave  approach,  a characteristic  disoussed  more  fully 
below." 

The  development  of  Dungensss  is  very  oomplex  (see  Ref.  11,  pp.  318-331)* 
but  roughly  It  may  be  explained  as  follows* 

If  ek0  is  greater  than  about  $ 0 0 the  quantity  of  littoral  drift  must  be 
below  maximum.  Meanwhile  the  littoral  drift  is  satiated  vexy  fast  at  shingle- 
beaches,  and  the  material  will  deposit  if  a slight  deorease  in  the  littoral 
drift  forces  takes  place.  As  a consequenoe  of  this,  the  shoreline  must  turn 
outward  if  more  material  is  drifting  along  the  coast.  At  last  the  value  of 
<X0  vhioh  gives  the  maximum  littoral  drift  will  be  passed  and  deposition  must 
take  place,  giving  rise  to  a sudden  turn-out  of  the  shoreline  until  it  is  per- 
pendicular to  the  direction  of  wave  propagation  as  shown  in  Pig.  26,  In  this 
figure  the  letters  (alphabetic  order;  show  the  development  of  Dungeness  (also 
see  Ref.  12  for  some  pictures  of  this  area), 

A development  similar  to  that  mentioned  above  may  take  place  at  any 
ahingle-beach  where  the  direction  of  wave  propagation  i3  oblique  to  the 
shoreline. 


OTHER  COAST-FORMS 


The  development  of  some  "marine  forelands"  can  be  explained  as  a result 
of  wave  refraction  and  wave  diffraction,  with  the  subsequent  lowering  of  the 
steepness  ratio  of  the  waves.  Figures  27,  28  and  29  show  three  different 
types  of  marine  forelands  from  the  Danish  coasts  (all  are  Islands).  Thev  are 
described  by  Axel  Sohou  in  the  book  "The  Marine  Foreland",  Copenhagen  19U5 
(10).  Fig.  27  shows  recurved  spits.  Fig.  28  tombolos  and  Fig.  29  an  "angle- 
foreland". 

Figs.  30,  31  and  32  show  forelands  developed  in  the  tydraulic  Laboratory 
in  Copenhagen  which  correspond  to  the  prototype  conditions  shown  in  Figs.  27, 
28  and  29,  The  laboratory  basin  was  35  ft.  long,  1$  ft.  wide,  the  water  depth 
was  £ in.  The  wave  characteristics  were  Lq  z b ft.  U in..  Ho  - 2 in.  i.e., 

£2  - O.Olj,  The  median  diameter  of  the  sand  was  0.22  ram,  and  the  uniformity 
Lo 

coefficient,  d6o£/D10/K  was  about  2.  The  scale  was  1*20  which  corresponded  to 
shinglo -beaches  along  the  Danish  seas.  The  form  illustrated  in  Figs.  27  and  30 
result  from  refraction.  The  forms  in  Figs.  28  and  31  and  Figs.  2?jand  32  re- 
sult from  diffraction  and  refraction  giving  a lowering  of  the  steepness  ratio 
of  the  waves. 
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